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Abstrat
A natural expliit ondition is given ensuring that an ation of the multipliative monoid of
non-negative reals on a manifold F omes from homotheties of a vetor bundle struture on F , or,
equivalently, from an Euler vetor eld. This is used in showing that double (or higher) vetor bun-
dles present in the literature an be equivalently dened as manifolds with a family of ommuting
Euler vetor elds. Higher vetor bundles an be therefore dened as manifolds admitting ertain
N
n
-grading in the struture sheaf. Consequently, multi-graded (super)manifolds are anonially
assoiated with higher vetor bundles that is an equivalene of ategories. Of partiular interest
are sympleti multi-graded manifolds whih are proven to be assoiated with otangent bundles.
Duality for higher vetor bundles is then explained by means of the otangent bundles as they
ontain the olletion of all possible duals. This gives, moreover, higher generalizations of the
known `universal Legendre transformation' T
∗
E ≃ T
∗
E
∗
, identifying the otangent bundles of all
higher vetor bundles in duality. The sympleti multi-graded manifolds, equipped with ertain
homologial Hamiltonian vetor elds, lead to an alternative to Roytenberg's piture generalization
of Lie bialgebroids, Courant brakets, Drinfeld doubles and an be viewed as geometrial base for
higher BRST and Batalin-Vilkovisky formalisms. This is also a natural framework for studying
n-fold Lie algebroids and related strutures.
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1 Introdution
The language of super-geometry is nowadays ommonly used not only in some models of mathematial
physis (e.g. in Batalin-Vilkovisky formalism and topologial Quantum Field Theory [1, 35℄) or homo-
logial algebra but also for some problems viewed earlier as purely geometrial, espeially in Poisson
geometry and the theory of Lie algebroids. In this ontext it beame evident that many anonial
super-manifolds are provided with an additional grading in the struture sheaf. In partiular, the
problem of nding a proper analog of Drinfeld double Lie algebra for Lie bialgebroids [28℄ and nding
a nie desription of Courant algebroids [18℄ (with BRST omplex and the Weil algebra as partiu-
lar examples) have been solved in the language of suh graded (super)manifolds by Th. Voronov and
D. Roytenberg [33, 34, 40℄.
On the other hand, in the traditional language of dierential geometry, double (or higher) strutures
have been introdued in the ategorial sense. For example, double vetor bundles have been understood
as "vetor bundles in the ategory of vetor bundles" (see [30℄[32℄, [2, 15, 27℄) and reognized as the
strutures of great importane in the Lagrangian and Hamiltonian formalism of analytial mehanis
[38, 8℄. This has been extended for double ane bundles in [9℄. Double strutures appeared also in
sympleti and Poisson geometry with A. Weinstein's and his ollaborators work on sympleti and
Poisson groupoids [3, 42, 43℄ followed by numerous works of his students and systemati studies of
K. C. H. Makenzie [19℄[26℄, Y. Kosmann-Shwarzbah [16, 17℄ and others.
We had, however, the feeling that, on one hand, the standard denitions of a double (or higher)
vetor bundle (f. [15, 19, 27℄), although ategorially nie, are operatively too ompliated, and, on
the other hand, that standard onepts of super-manifold, or even the onept of N-manifold as dened
and used in [36, 40, 34℄, are still too general for many purposes. We therefore develop a theory of
higher vetor bundles in the spirit of algebraially desribed ompatibility ondition for a number of
vetor bundle strutures and assoiate with them anonially derived multi-graded super-manifolds.
Our starting point is the observation that a vetor bundle an be haraterized only with the use
of its homogeneous struture that leads to a muh simpler denition of an n-vetor bundle (in lassial
terms). We prove namely that an n-vetor bundle an be equivalently haraterized as a manifold
with n ommuting Euler vetor elds, i.e. as a manifold with ertain N-gradation in the algebra of
smooth funtions. This implies that an n-vetor bundle, as anonially multi-graded, admits its natural
superized ounterpart  a multi-graded (super)manifold. Both onepts lead to a unied and elegant
desription of various phenomena of dierential geometry. Of partiular interest are sympleti multi-
graded manifolds whih are proven to be assoiated with otangent bundles. Duality for higher vetor
bundles an be explained by means of these bundles as they ontain the olletion of all possible duals.
In fat, we have higher "Legendre transformations" identifying the otangent bundles of all these duals.
The sympleti multi-graded manifolds, equipped with ertain homologial Hamiltonian vetor elds,
lead to an alternative to D. Roytenberg's piture generalization of Lie bialgebroids, Courant brakets,
Drinfeld doubles and an be viewed as geometrial base for higher BRST and Batalin-Vilkovisky
formalisms. This is also a natural framework for studying n-fold Lie algebroids and related strutures.
The paper is organized as follows.
We start with nding a simple haraterization of those ations of the multipliative monoid R+
of non-negative reals on a manifold F that ome from homotheties of a vetor bundle struture on F .
This allows us to identify a vetor bundle struture with its homogeneous struture (or, equivalently,
its Euler vetor eld) that learly simplies the whole theory, as diret omparison of the additive
strutures is muh more ompliated. In partiular, a ompatibility of two vetor bundle strutures
an be desribed easily as the ommutation of the orresponding Euler vetor elds. We show that this
ompatibility ondition is equivalent to the onept of double vetor bundle desribed in ategorial
terms. In this language, a vetor bundle morphism is shown to be just a smooth map intertwining the
homotheties and a vetor subbundle  as a submanifold whih is homothety-invariant.
The n-vetor bundles F , whose struture is desribed in setion 4, admit anonial lifts of their
Euler vetor elds to the tangent and to the otangent bundles TF and T∗F , as we show in setion
5. In partiular, the iterated tangent and otangent bundles are anonial examples of higher vetor
bundles. The otangent bundle T
∗F is of partiular interest, sine it is anonially bered not only
over F but also over all duals F ∗(k) of F with respet to all its vetor bundle strutures F → F[k].
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The side bundles F[k] are anonially (n − 1)-vetor bundles themselves. We prove the existene of a
anonial identiations T
∗F ≃ T∗F ∗(k) ≃ T
∗F ∗(l) whih are additionally sympletomorphisms. This an
be viewed as a generalization of the elebrated "universal Legendre transformation" T
∗
TM ≃ T∗T∗M .
Moreover, the set of higher vetor bundles {F, F ∗(1), . . . , F
∗
(n)} is losed (under natural identiations)
with respet to duality. This is a phenomenon observed rst for double and triple vetor bundles by
K. Koniezna, P. Urba«ski and K. C. H. Makenzie [15, 24, 26℄.
In Setion 6 we prove that sympleti n-vetor bundles, i.e. n-vetor bundles equipped with a
sympleti form whih is linear (1-homogeneous) with respet to all vetor bundle strutures, always
take the form T
∗F for ertain (n − 1)-vetor bundle F . This, in turn, generalizes the known result
saying that any vetor bundle equipped with a linear sympleti form is, in fat, T
∗M .
The next two paragraphes are devoted to a natural superization of the previous notions. In this
way we get the onept, already impliitly present in the literature, of a multi-graded manifold  a
super-manifold M with an Nn-gradation in the struture sheaf, and the onept of a multi-graded
sympleti manifold. The ruial here is the equivalene of ategories: we have a preise presription
of passing from a (sympleti) n-vetor bundle to the orresponding n-graded (sympleti) manifold
and bak.
On multi-graded sympleti manifolds one an onsider Master Equations, i.e. equations of the form
{H,H} = 0 for Hamiltonians of parity dierent from the parity of the sympleti Poisson braket {·, ·}.
This leads to higher multi-graded analogs of Courant algebroid [18, 34℄ in the spirit of D. Roytenberg's
explanation of what a Courant algebroid is. This gives also a possibility of developing higher BRST
and Batalin-Vilkovisky formalisms. The language of multi-graded manifolds is also useful in desribing
the strutures of n-fold Lie algebroids, as has been already observed by T. Voronov [41℄. Setion 9 is
devoted to these questions together with the onept of Drinfeld n-tuple  whih generalizes the notion
of Drinfeld double Lie algebra and double Lie algebroid. We end up with some results on Drinfeld
n-tuples, their relations to n-fold Lie algebroids, and examples.
To limit the size of these notes, the questions onerning the higher Dira strutures, higher gener-
alized geometries, et., we postpone to a separate paper. The authors wish to thank F. Przytyki for
helpful disussions on dynamial systems.
2 Vetor bundles and homogeneous strutures
It is a standard student exerise to show that the additive struture in a real topologial vetor spae
determines the homogeneous struture  the multipliation by reals. The onverse is also true. The
Euler's Homogeneous Funtion Theorem implies that any dierentiable 1-homogeneous funtion on R
n
is automatially linear. This suggests that the homogeneity, being muh simpler notion, an be used
instead linearity in dierential geometry. Let us remark that all geometri objets in this paper, like
manifolds, brations, et., are assumed to be nite-dimensional, paraompat and smooth.
In this setion, we will use this idea to develop a onept of a vetor bundle in terms of its
homogeneous struture. To explain how we will understood the latter, let us onsider a vetor bundle
pi : E → M . The homotheties in E dene a smooth ation of the ommutative monoid (R+, ·) of
non-negative reals, R+ = {a ∈ R : a ≥ 0}, with multipliation:
h : R+ × E → E , ht(e) := h(t, e) = t · e .
It should be made lear that by smoothness on R+ we mean that the map an be extended to a smooth
map on a neighborhood of R+ in R, thus the whole R. In fat, the above R+-ation an be extended to
a smooth ation h˜ : R×E → E of the multipliative monoid R by homotheties with possible negative
fators.
Of ourse, with any smooth ation h : R+ × F → F , ht ◦ hs = hts, of the multipliative monoid
(R, ·) on a smooth manifold F , one an assoiate a smooth projetion h0 : F → F (as h20 = h0) onto
a losed subset N = h0(F ) of F . In this generality we an dene also the vertial lift Vh : F → TF|N ,
where Vh(x) ∈ Th0(x)F is the tangent vetor at t = 0 represented by the smooth urve R+ ∋ t 7→
xh(t) := h(t, x) ∈ F . In other words,
Vh : F → TF , Vh(x) = x˙h(0) = Txh(0, ∂t). (1)
3
One an easily seen that Vh(x) = 0x for x ∈ N . For the ation by homotheties on a vetor bundle we
have also the onverse: Vh(em) = 0⇒ em = 0m.
For the terminology, note only that by a vetor subbundle we always mean a subbundle over a
submanifold. An important example is the vertial subbundle VF|0M in the tangent bundle TF of a
vetor bundle F overM over the zero-setion 0M of F whih is anonially isomorphi to F , as shows
the following.
Proposition 2.1. For a vetor bundle F , the vertial lift gives a anonial isomorphism of vetor
bundles Vh : F → VF|0M ⊂ TF .
Proof.- In loal oordinates (xa, yi) in F , where (x
a) are loal oordinates in M and (yi) are linear
oordinates in the typial ber, we have h(t, x, y) = (x, ty). In the adapted oordinates (xa, yi, x˙
b, y˙j)
in TF , the vertial lift reads Vh(x, y) = (x, 0, 0, y).

Note that VF|N an be dened for any manifold F equipped with a smooth projetion onto a subset
N as the subset of TF|N onsisting of vetors whih are vertial with respet to the projetion. Of
ourse, in suh generality VF|N need not be a vetor subbundle in TF .
Denition 2.1. A homogeneous struture on a smooth manifold F will be understood as a smooth
ation h : R+×F → F of the multipliative monoid (R+, ·) on F whih is non-singular in the sense that
the vertial lift Vh(x) vanishes only for points x ∈ N = h0(F ), i.e. the urves xh(t) are non-singular
for x /∈ N .
The following theorem shows that the above property of an R+-ation on F determines that this ation
omes from atual homotheties.
Theorem 2.1. If h : R+ × F → F is a homogeneous struture on the manifold F , then there is a
unique vetor bundle struture on F whose homotheties oinide with h.
Proof.- Working separately in omponents, we an assume that F , thus N = h0(F ), is onneted. The
non-singularity of V = Vh (having xed h we will skip the subsript) means that N is exatly the
inverse-image by V of the zero-setion: N = V−1(0F ). The fundamental property of the vertial lift is
that it intertwines the R+-ation on F with the atual homotheties in TF :
V(hs(x)) = s · V(x). (2)
Indeed, we get (2) from the ation identity ht(hs(x)) = hts(x) after dierentiating both sides with
respet to t at t = 0.
The monoid ation h indues a monoid representation in the tangent spaes TxF with x ∈ N . To
see this, for x ∈ N , put Ht(x) : TxF → TxF to be the derivative Ht(x) = Dxht. It is easy to see that
R+ ∋ t 7→ Ht(x) is a representation of the monoid (R+, ·) in TxF . Indeed, dierentiating the identity
ht ◦ hs = hst we get Dxht ◦Dxhs = Dxhst, i.e.
Ht(x) ◦Hs(x) = Hts(x). (3)
Now, put P (x) = ddt |t=0Ht(x). Dierentiating (3) with respet to t at t = 0, we get that the linear
map P (x) : TxF → TxF ommutes with Hs(x) and
P (x) ◦Hs(x) = Hs(x) ◦ P (x) = s · P (x). (4)
Moreover, after dierentiating the latter with respet to s at s = 0, we get P (x)2 = P (x). This means
that P (x) is a projetion and that Hs(x) respets the deomposition TxF = Kx⊕Ex of TxF into the
diret sum of the kernel Kx and the image Ex of P (x).
Let us observe that one an interpret P (x) also as the vertial part of the derivative DxV : TxF →
TV(x)TF with respet to the deomposition of the spae tangent to the tangent bundle TF at the
point V(x) = 0x of the zero-setion into the vertial subspae tangent to the ber and the horizontal
subspae tangent to the zero-setion:
DxV : TxF → TV(x)TF = T
v
xF ⊕ T
h
xF. (5)
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Indeed, if we trivialize loally the tangent bundle TF in a neighborhood U of x0 ∈ N in F , say
TU = U × V , V = Tx0F , with oordinates (x
a, x˙b), then Ht(x0) : V → V reads Ht(x0) =
∂ht
∂x (x0) and
P (x0) =
∂2h
∂t∂x
(0, x0). (6)
On the other hand, V(x) = (h(0, x), ∂h∂t (0, x)), so that the projetion V˜ : U → V of V on V has the
derivative
Dx0 V˜ = D
v
x0V =
∂2h
∂x∂t
(0, x0) = P (x0). (7)
The family of vetor spae projetions Px = P (h0(x)) : V → V, x ∈ U , in nite-dimensional vetor
spae V is loally of onstant rank. Indeed, the rank of Px is the trae of Px whih takes integer values
and ontinuously depends on x, thus it is loally onstant. In our situation it means that the rank of the
projetions Px is onstant, say k, on N . By V
1
x denote the image Px(V ). With our loal identiation,
V 1x = Eh0(x). The intertwining property (2) implies that V˜(x) lies in V
1
x . Indeed, dierentiating (2)
with respet to s at s = 0, we get Dvh0(x)(V(x)) = P (x)(V(x)) = V(x), i.e.
V(x) ∈ Eh0(x). (8)
Sine U ∋ x 7→ Px ∈ gl(V ) is smooth, it is lear that P0 := Px0 maps V
1
x isomorphially onto
V 10 := V
1
x0 for x suiently lose to x0, say from U . This gives a smooth trivialization of the vetor
bundle V 1U =
⋃
x∈U V
1
x ,
ΦU : V
1
U → U × V
1
0 , Φ(x, vx) = (x, P0(vx)) ,
and a smooth map
ΨU : U → V
1
0 , ΨU = P0 ◦ V˜ .
It is easy to see that N ∩U = Ψ−1U {0} and that ΨU is of maximal rank at points of N as the derivative
DxΨU = P0 ◦ Px is `onto'.
Hene, due to the Impliit Funtion Theorem, N ∩ U is a submanifold in U , thus the whole N is
a submanifold in F . This implies in turn that E =
⋃
x∈N Ex, loally isomorphi with (N ∩ U) × V
1
0 ,
is a smooth vetor subbundle in TF over N . Moreover, V : F → E is of maximal rank, thus a loal
dieomorphism along N . For, observe that any vetor v ∈ TxF with x ∈ N , whih is annihilated by
the derivative DxV must be annihilated by DxV˜, thus be tangent to N . But V embeds N as the zero-
setion 0N , so DxV is an injetion on TxN ⊂ TxF . Sine V|N is an embedding, we an even say that
V is a global dieomorphism on a neighborhood UN of N in F onto a neighborhood W0 of the zero-
setion in E. Hene, x 7→ s−1 · V(hs(x)) is a dieomorphism of h−1s (UN ) onto s
−1W0. But, aording
to (2), the latter map oinides with V whih is therefore a dieomorphism of F =
⋃
s≥1 hs(VN ) onto
E =
⋃
s≥1 sV0, intertwining hs with the homothety by s. The vetor bundle struture on F an be
now taken as the pull-bak of the vetor bundle struture in E by this dieomorphism.
Uniqueness follows from the fat that homogeneous struture (homotheties) on a vetor spae om-
pletely determines the linear struture, as 1-homogeneous smooth funtions, i.e. funtions satisfying
f(s · x) = s · f(x), are exatly linear funtions. 
Remark 2.1. The monoid (R+, ·) ontains an open-dense subset of invertible elements (R∗+, ·)  the
multipliative group of positive reals. It is lear that any ation h of (R+, ·) restrits to a group ation
of (R∗+, ·) whih has an innitesimal generator  the Euler (Liouville) vetor eld ∆h, where ∆h(x) is
the vetor tangent to the urve xh(t) at t = 1. In the ase of a homogeneous struture this is exatly
the Euler (Liouville) vetor eld ∆E of the vetor bundle E. Of ourse, this vetor eld is omplete
and its global ow Exp(t∆E) determines the homogeneous struture: Exp(t∆E)(x) = e
t · x. The
above theorem an be reformulated in terms of this vetor eld as follows. Note only that the linear
part of a vetor eld ∆ on F at its singular point (zero) x0 is a well-dened liner map Tx0F → Tx0F
whih in loal oordinates is represented by the Jaobian matrix of partial derivatives of oordinates
of ∆ near x0.
Theorem 2.2. A vetor eld ∆ on a smooth manifold F is the Euler vetor eld of a vetor bundle
struture on F if and only if
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(a) ∆ is omplete and the orresponding ow R 7→ ϕt = Exp(t∆) of dieomorphisms has the limit
h0(x) = limt→−∞ ϕt whih is a projetion of F onto the set N of singular points of ∆;
(b) For every x0 ∈ N , the linear part of ∆ at x0 is a projetion.
Proof.- One an follow the idea of the above proof for R+-ation but we will sketh an alternative
proof in terms of normal hyperboliity of ows and linearization of vetor elds. Sine the linear part
of the vetor eld at singular points has only eigenvalues 0, 1, aording to Shoshitaishvili Theorem, at
singular points x0 of ∆ we have a loal deompositon of the manifold into the enter manifold W
0(x0)
and the unstable manifold W+(x0). The manifold W
0(x0) is invariant, so in our ase it is unique, as
it has to oinide loally with N . This proves that N is a submanifold and we have, at least loally, a
bration of F into unstable submanifolds over N . But on eah W+(x0) the linear part of ∆ at x0 is
identity, so there are no resonanes and ∆ is smoothly equivalent to its linear part, i.e. to the Euler
vetor eld on Tx0W
0(x0). These linearizations on bers of the brations an be glued together to a
linearization of ∆ near N , so to a loal R+-ation near N . We an pass to the global ation thanks to
the assumption (a). 
Remark 2.2. Of ourse, there are singular (R+, ·)-ations whih therefore do not orrespond to vetor
bundle strutures. Take for example F = R with the ation h : R+×R → R, (t, x) 7→ t2 · x. It is lear
that Vh is trivial: V(x) = (0, 0) ∈ TR for all x ∈ R.
Theorem 2.1 easily implies the following.
Theorem 2.3. Every submanifold of a vetor bundle, whih is invariant with respet to homotheties,
is a vetor subbundle (over a submanifold of the base).
Proof.- Let E be a submanifold of a vetor bundle F over M whih is homothety-invariant. It is easy
to see that the R+-ation h by homotheties, redued to E, is a homogeneous struture on E. This is
beause, learly, Vh|E = (Vh)|E , sine the vetor tangent to a urve in a submanifold an be naturally
viewed as the vetor tangent to this urve in the total manifold. This implies that h|E is an ation
by homotheties with respet to a unique vetor bundle struture on E over the losed submanifold
N = h0(E) ⊂ M . This vetor bundle struture is a vetor subbundle of VE|0E ⊂ VF|0F ≃ F , thus
anonially a subbundle of F . 
Remark 2.3. A slightly weaker result has been ommuniated to us by P. Urba«ski who assumed that
the intersetion of E with every ber of F is a vetor subspae.
It should be not surprising that the onept of a morphism in the ategory of vetor bundles an
be ompletely desribed in terms of the orresponding homogeneous strutures.
Theorem 2.4. A smooth map ϕ : F 1 → F 2 between the total spaes of two vetor bundle strutures
hi0 : F
i →M i, i = 1, 2, is a morphism of the vetor bundles if and only if it ommutes with homotheties
ϕ ◦ h1t = h
2
t ◦ ϕ . (9)
Proof.- Note rst, that (9) easily implies that ϕ maps M1 = h10(F
1) into M2 = h20(F
2) and bers into
bers. We therefore an assume then that F i, i = 1, 2, are just vetor spaes.
Dierentiating (9) with respet to t at t = 0, we get
D0ϕ ◦ V
1 = V2 ◦ ϕ.
Sine V i : F i → T0F i are linear isomorphisms,
ϕ = (V2)−1 ◦D0ϕ ◦ V
1 : F 1 → F 2
is linear. The onverse, i.e. that a vetor bundle morphism ommutes with homotheties is obvious. 
Corollary 2.1. A smooth map ϕ : F 1 → F 2 between the total spaes of two vetor bundle strutures
is a morphism of the vetor bundles if and only if it relates the Euler vetor elds:
Dxϕ(∆F 1(x)) = ∆F 2(ϕ(x)). (10)
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Proof.- Dierentiating (9) with respet to t at t = 1, we get (10). Conversely, (10) implies that ϕ
intertwines the ows indued by ∆F 1 and ∆F 2 , i.e. ϕ ◦ h
1
t = h
2
t ◦ ϕ for t > 0, thus for all t ∈ R+ by
ontinuity.

3 Commuting Euler vetor elds and double vetor bundles
Consider now two ommuting homogeneous strutures h1, h2 : R+ × F → F , h1t ◦ h
2
s = h
2
s ◦ h
1
t for
all s, t ∈ R+ (or, equivalently, two ommuting Euler vetor elds, [∆
1,∆2] = 0). Let us denote the
orresponding bases with Ei = hi0(F ), i = 1, 2. We have, in partiular,
h1t (h
2
0(x)) = h
2
0(h
1
t (x)) (11)
whih implies that E2 = h20(F ) is invariant with respet to h
1
. Aording to Theorem 2.3, this means
that E2 is a vetor subbundle of h10 : F → E
1
over the submanifold
M = h10(E
2) = h10 ◦ h
2
0(F ) = h
2
0 ◦ h
1
0(F ) = h
2
0(E
1) = E1 ∩E2. (12)
Analogously, E1 is a vetor subbundle of h20 : F → E
2
over M . We will all them side bundles. Thus
we get the following diagram of vetor bundle projetions
F
h20 //
h10

E2
h10

E1
h20 // M
(13)
where we write simply h10 also for its restrition to E
2
, et. Note also that E1, E2,M are anonially
losed submanifolds in F as the zero-setions of the orresponding vetor bundle strutures. Moreover,
aording to Theorem 2.4, the vertial and the horizontal arrows desribe morphisms of vetor bundles.
Let F ix be the x-ber in F of the projetion h
i
0. For x ∈ M , let Cx be the kernel of the linear
map h20 : F
1
x → E
2
x. This means that Cx is also the kernel of h
1
0 : F
2
x → E
1
x and Cx = F
1
x ∩ F
2
x . The
submanifold Cx of F arries therefore two strutures of a vetor spae hereditary from F
1
x and F
2
x
whih, however, oinide aording to the following proposition.
Proposition 3.1. Two real vetor spae strutures on a manifold V with ommuting homotheties
oinide.
Proof.- Commutation of the homotheties implies that the vetor spae strutures share the same zero
0. Dierentiating the ommutation relation h1t (h
2
s(x)) = h
2
s(h
1
t (x)), with respet to t and s at t = 0
and s = 0, we get
D0V
1(V2(x)) = D0V
2(V1(x)),
where V i = Vhi . But, for a vetor spae struture, D0V is identity on T0V , so V
1 = V2. This in turn
implies h1 = h2 as the vetor spae struture omes from T0V by the identiation V : V → T0V .

Let us go bak to the ommutative diagram of vetor bundle morphisms (13). We an redue
the whole piture by xing x0 ∈ M and onsidering the pull-baks of {x0} with respet to all the
projetions. This means that we onsider the situation when M is just one point whih an be then
identied as 0  the only point of the intersetion of the vetor spaes E1 and E2 as submanifolds of
F . We know already that C = F 10 ∩ F
2
0 is a ommon vetor subspae of F
1
0 and F
2
0 . We will all C
the ore of (h1, h2). Sine h10(E
2) = {0}, the vetor spae E2 is a subset, thus vetor subspae, of F 10 .
Analogously, E1 is a subspae of F 20 . Sine h
2
0 maps the ber F
1
0 linearly onto E
2
, its kernel C is a
subspae omplementary to E2 ⊂ F 10 , as h
2
0 is idential on E
2
. Thus F 10 = E
2 ⊕ C and, analogously,
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F 20 = E
1 ⊕ C. Using trivializations of the vetor bundles in question (whih always exist when the
bases are ontratible), we get (13), with M = {0}, in the form
E1 × E2 × C
h20 //
h10

E2
h10

E1
h20 // {0}
(14)
with obvious projetions whih are linear maps. Note however that the identiation F = E1×E2×C
is not anonial and depends on the hoie of the trivializations. Indeed, if (ξi, φa, θr) are linear
oordinates in E1 × E2 × C, then a hange of the bases in E1, E2 results in a hange of oordinates,
(ξ′i, φ
′
a) =
∑
j
τ ji ξj ,
∑
b
ρbaφb
 . (15)
Further, a hange of the trivialization of h10 over E
1
whih respets the projetion on E2 results in a
hange of oordinates,
(ξ′i, φ
′
a, θ
′
r) =
∑
j
τ ji ξj ,
∑
b
ρbaφb,
∑
b
αbr(ξ)φb +
∑
s
βsr(ξ)θs
 . (16)
For the other projetion we have
(ξ′i, φ
′
a, θ
′
r) =
∑
j
τ ji ξj ,
∑
b
ρbaφb,
∑
j
γjr(φ)ξj +
∑
s
δsr(φ)θs
 . (17)
The hanges of oordinates (15) and (16) oinide if and only if they have the ommon form
(ξ′i, φ
′
a, θ
′
r) =
∑
j
τ ji ξj ,
∑
b
ρbaφb,
∑
b,j
Abjr φbξj +
∑
s
Bsrθs

(18)
with τ ji , ρ
b
a, A
bj
r , and B
s
r onstant. But this hange of oordinates, redued to C, is not linear but
ane whih shows that the bundle ζ = (h10, h
2
0) : F → E
1×E2 is ane, modelled on the trivial bundle
E1 × E2 × C.
Let us go bak to the whole generality. The olletion of all Cx with x ∈M denes a vetor bundle
C over M  the ore of (h1, h2). If we take x0 ∈ M and a loal hart U ⊂ M near x0, then, using
loal trivializations of all vetor bundles over the pull-baks of U (whih are ontratible bases), we
get from (14) the following loal form of (13)
U × E1x0 × E
2
x0 × Cx0
//

U × E1x0

U × E1x0 × E
2
x0
// U
(19)
with obvious projetions. One important remark is that, again, the deomposition
(h20 ◦ h
1
0)
−1(U) = (h10 ◦ h
2
0)
−1(U) = U × E1x0 × E
2
x0 × Cx0
depends on the hoie of the trivializations. A hange in trivializations results in a hange of loal
linear oordinates like in (18) but with oeients depending on x ∈ U :
(x′u, ξ
′
i, φ
′
a, θ
′
r) =
xu,∑
j
τ ji (x)ξj ,
∑
b
ρba(x)φb,
∑
b,j
Abjr (x)φbξj +
∑
s
Bsr(x)θs
 . (20)
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In the oordinates (xu, ξi, φa, θr) ∈ U × E1x0 × E
2
x0 × Cx0 the Euler vetor elds orresponding to the
vetor bundle strutures h1 and h2 read
∆1 =
∑
a
φa∂φa +
∑
r
θr∂θr , ∆
2 =
∑
k
ξk∂ξk +
∑
r
θr∂θr . (21)
They learly ommute. The spaes E1x0 , E
2
x0 , Cx0 an be desribed in terms of the Euler vetor elds
as submanifolds dened by equations ∆1 = 0, ∆2 = 0, ∆1 = ∆2, respetively. Note also that the
oordinate funtions (xu, ξi, φa, θr) are (∆
1,∆2)-homogeneous of bi-degrees (0, 0), (1, 0), (0, 1), (1, 1),
respetively. Conversely, any hange of oordinates that respets this bi-degree must be of the form
(20) and it preserves ∆1 and ∆2. What we get loally is therefore a loal form of a double vetor
bundle  the notion introdued by J. Pradines [30, 31, 32℄ and studied in [2, 15, 41℄. This easily implies
that also globally double vetor bundles and ommuting homogeneous strutures are the same objets.
Summarizing our onsiderations, we get the following.
Theorem 3.1. A double vetor bundle an be equivalently dened as a smooth manifold equipped with
two vetor bundle strutures whose Euler vetor elds ∆1,∆2 ommute.
Theorem 3.2. Any double vetor bundle admits an atlas with harts whih are invariant with
respet to both homogeneous strutures and loal oordinates whih are (∆1,∆2)-homogeneous of
bi-degrees (0, 0), (1, 0), (0, 1), (1, 1). Conversely, every manifold F equipped with an atlas whose
harts identify some domains in F with
∏
i1,i2=0,1
V (i1, i2), where V (0, 0) is a domain in R
m
, and
V (1, 0), V (0, 1), V (1, 1) are R-vetor spaes, and the hanges of oordinates respet the bi-degrees
(i1, i2), arries a anonial struture of a double vetor bundle with the Euler vetor elds whih are
loally of the form ∆1 = ∆V (0,1) +∆V (1,1) and ∆
2 = ∆V (1,0) +∆V (1,1).
4 Higher vetor bundles
A generalization of the onept of vetor bundle and double vetor bundle suggested by previous
onsiderations is now straightforward:
Denition 4.1. A smooth n-tuple vetor bundle (shortly - n-vetor bundle) is a smooth manifold F
equipped with n strutures of vetor bundles whose orresponding Euler vetor elds ∆i, i = 1, . . . , n,
pairwise ommute. A morphism between n-vetor bundles (F,∆1, . . . ,∆n) and (F ′, (∆′)1, . . . , (∆′)n) is
a smooth map ϕ : F → F ′ whih relates ∆k with (∆′)k, i.e. Dxϕ(∆k(x)) = (∆′)k(ϕ(x)), k = 1, . . . , n,
x ∈ F .
Remark 4.1. With respet to the above denition, a non-trivial permutation of the Euler vetor
elds leads to non-isomorphi n-vetor bundles. Sometimes, however, it is onvenient to onsider weak
isomorphisms, i.e. isomorphisms up to suh a permutation.
An indutive reasoning, ompletely parallel to that proving Theorem 3.2, gives the following.
Theorem 4.1. Any n-vetor bundle admits an atlas with harts whih are invariant with respet to
all the homogeneous strutures and loal oordinates whih are (∆1, . . . ,∆n)-homogeneous of n-degrees
i = (i1, . . . , in), ik = 0, 1.
Conversely, every manifold F equipped with an atlas whose harts identify some domains in F
with W =
∏
i∈{0,1}n V (i), where V (0), 0 = (0, . . . , 0), is a domain in R
m
, and V (i), i 6= 0, are R-
vetor spaes, and the hanges of oordinates respet the n-degrees i = (i1, . . . , in), arries a anonial
struture of an n-vetor bundle with the Euler vetor elds whih are loally of the form
∆k =
∑
i′
k
6=0
∆V (i) ,
where i′k = (i1, . . . , ik−1, 0, ik+1, . . . , in).
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It is also a straightforward indutive observation that any smooth hange of oordinates in W
respeting the n-degrees (i1, . . . , in) of homogeneity must be of the form
(v′)ji =
∑
P
ia=i
∑
(j1,...,jr)
T j(i1,...,ir ;j1,...,jr)
∏
a
vjaia , (22)
where vji , j = 1, . . . , dim(V (i)), are linear oordinates in V (i) and T
∗
∗ are smooth funtions on V (0).
This shows that our n-bundles oinide with the n-tuple vetor bundles desribed by T. Voronov [41℄
and the triple vetor bundles (for n = 3) studied by K. Makenzie [26℄.
To desribe loser the struture of n-vetor bundles, let us introdue some onventions. For i, j ∈
{0, 1}n, we write |i| =
∑
k ik and i ≤ j, if ik ≤ jk for all k = 1, . . . , n. Denote also δ
1 = (1, 0, . . . , 0),
δ2 = (0, 1, 0, . . . , 0), et., and p(i) = {i− δk ∈ {0, 1}n : ik = 1}. Let us write also 1n = (1, . . . , 1) and,
for k = 1, . . . , n, [k] = 1n − δk.
For any i ∈ {0, 1}n the submanifold Fi =
⋂
ik=0
{∆k = 0} is itself an |i|-vetor bundle with respet
to the Euler vetor elds {∆k : ik = 1} and bases Fi′ with i′ ∈ p(i). Thus we get a generalization of the
diagram (13), the harateristi diagram of the n-vetor bundle F , whih is a ommutative diagram
with 2n verties Fi and vetor bundle morphisms h
k
0 from Fi, with ik = 1, to Fi′k . In partiular, F is
the total spae of the n vetor bundle strutures hk0 : F → F[k]. The intersetion of their bers over the
zero-setions gives rise to a vetor bundle C over the nal base M =
⋂
k F[k]  the ore of the n-vetor
bundle. The nal base M is loally represented by V (0) and bers of C are loally represented by
V (1n). The loal oordinates of n-degrees ≤ i form loal oordinates on Fi. Note that we an view
formally any n-vetor bundle as an (n+ 1)-vetor bundle by adding a trivial (zero) Euler vetor eld.
In this way, we an regard Fi as an n-vetor bundle with trivial Euler vetor elds ∆
k
with ik = 0, i.e.
with the Euler vetor elds ∆1, . . . ,∆n from F but restrited to Fi. Then h
k
0 , viewed as a map from
Fi, with ik = 1, onto Fi′
k
, is a morphism of n-vetor bundles. If we remove from the harateristi
diagram the total spae F (together with the maps from F ), then we get a smaller diagram of n-vetor
bundle morphisms  the base of our n-vetor bundle whih we denote by B = B(F ). It is easy to see
that the base does not determine F . There is however a nal objet  the base produt  denoted by
×B suh that B(×B) = B and, for any n-vetor bundle F with base B, there is a submersive n-vetor
bundle morphism ψF : F → ×B whih is idential on B. This morphisms an be viewed as "removing
the ore" operation. For example, the base produt for a double vetor bundle (13) is the produt (or
diret sum) of the vetor bundles E1 ×M E2 ≃ E1 ⊕M E2. In general, ×B(F ) an be identied with
the image of the map (h10, . . . , h
n
0 ) : F → F[1] × . . . × F[n], i.e., loally, ψF : F → ×B(F ) is just the
projetion modulo the ore:
×B(F ) =
∏
i∈{0,1}n, i6=1n
V (i).
The oordinate hanges in ×B(F ) are projetions of the orresponding oordinate hanges (22) for F .
For instane, the harateristi diagram for the triple vetor bundle (f. [26℄) looks like
F011

||xx
xx
xx
xx
F111oo

||xx
xx
xx
xx
F001

F101oo

F010
||xx
xx
xx
xx
F110oo
||xx
xx
xx
xx
F000 F100oo
(23)
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whereas its base is:
F011

||xx
xx
xx
xx
F001

F101oo

F010
||xx
xx
xx
xx
F110oo
||xx
xx
xx
xx
F000 F100oo
(24)
More generally, for any i ∈ {0, 1}n, one an also dene n-manifolds F<i = ×B(Fi), whih loally looks
like
F<i =
∏
j∈{0,1}n, j<i
V (j).
Denote by Ai(F ) the spae of funtions on F with n-degree i. It is an A0(F ) = C∞(M)-module whih
is learly loally free and nite-dimensional, so it an be viewed as the module of setions of some
vetor bundle V i(F ) over M . For instane, for a double vetor bundle F , the module A(1,1)(F ) is
loally generated by produts of two oordinates of degrees (1, 0) and (0, 1), and oordinates of degree
(1, 1), so that the symmetri tensor produt V (1,0)(F ) ∨M V (0,1)(F ) is a subbundle in V (1,1)(F ) and
we have a short exat sequene
0→ V (1,0)(F ) ∨M V
(0,1)(F )→ V (1,1)(F )→ C → 0.
We an onsider also the graded assoiative and ommutative algebra A(F ) =
⊕
i∈Zn A
i(F ) of homo-
geneous funtions (with the onvention Ai(F ) = {0} if i /∈ Nn). Every its part A(i)(F ) =
⊕
j≤iA
j(F )
is a prototype of a higher module: we have anonial operations Aj(F ) × Ak(F ) → Aj+k(F ) (or
V j(F ) ⊗M V k(F ) → V j+k(F )) for j + k ≤ i with obvious properties. We an do the same with
respet to the total degree and to dene, for m ∈ N, the spaes Am(F ) =
⊕
|i|=mA
i(F ) of funtions
of total degree m, and the orresponding higher modules A(m)(F ) =
⊕
|i|≤mA
i(F ). They orrespond
to ertain vetor bundles V m(F ) and V (m)(F ) over M .
5 The tangent lift, the phase lift, and duality
In this setion we show how to lift Euler vetor elds to the tangent and the otangent bundle. For
the tangent and otangent lifts of vetor elds we refer to [44, 12, 13℄. Note only that both lifts respet
the Lie braket.
Applying the tangent funtor to homotheties assoiated with a homogeneous struture h : R+×E →
E we get a new homogeneous struture dTh, (dTh)t = T(ht). Indeed, dTh : R+ ×TE → TE is learly
a smooth ation of (R+, ·) and the non-singularity assumption is preserved. In the adapted loal
oordinates in TE we have
dTh(t, x, y, x˙, y˙) = (x, ty, x˙, ty˙). (25)
Thus the projetion (dTh)0 maps TE onto TM and the orresponding Euler vetor eld is the (om-
plete) tangent lift of the Euler vetor eld of h,
dT∆E =
∑
k
yk∂yk +
∑
k
y˙k∂y˙k . (26)
Note that the tangent lift dT∆E is linear, i.e. ommutes with the Euler vetor eld of the tangent
bundle ∆TE , and on E it redues to ∆E . Moreover, the tangent lifts of ommuting vetor elds
ommute, so we get the following.
11
Theorem 5.1. The tangent bundle of an n-vetor bundle (F,∆1, . . . ,∆n) is anonially an (n + 1)-
vetor bundle with respet to the Euler vetor elds dT∆
1, · · · , dT∆
n,∆TF . The orresponding side
bundles are F and TF[k], k = 1, . . . , n, respetively. In partiular, the iterated tangent bundle T
(n)M =
TT · · ·TM is anonially an n-vetor bundle with (T(n)M)i ≃ (T(|i|)M).
If
∏
i∈{0,1}n V (i) are loal harts in F as in Theorem 4.1, then we have VTF ((i, 0)) = VTF ((i, 1)) = V (i),
i > 0, for fators of loal harts in TF . In partiular, (TF )(i,0) = Fi and (TF )(i,1) = TFi.
The "phase funtor" has not as good properties as the tangent one, sine, in general, it assoiates
only relations with smooth maps. Therefore the otangent lift d∗
T
∆E of ∆E , whih by denition is the
hamiltonian vetor eld of the linear funtion ι∆E on T
∗E represented by ∆E , is not an Euler vetor
eld. We get, however, an Euler vetor eld, denoted by T
∗∆E and alled the phase lift of ∆E , if we
add the Euler vetor eld ∆T∗E of the otangent bundle,
T
∗∆E = d
∗
T∆E +∆T∗E . (27)
In the adapted loal oordinates,
d∗
T
∆E(x, y, p, pi) =
∑
k
yk∂yk −
∑
j
pij∂pij
and
T
∗∆E(x, y, p, pi) = (
∑
k
yk∂yk −
∑
j
pij∂pij ) + (
∑
j
pij∂pij +
∑
a
pa∂pa) (28)
=
∑
k
yk∂yk +
∑
a
pa∂pa .
The Euler lift T
∗∆E is linear, i.e. ommutes with ∆T∗E , and on E it redues to ∆E . The base of
the orresponding homogeneous struture T
∗h is anonially identied with the dual bundle E∗ whih
is anonially embedded in T
∗E. The homogeneous struture T∗h will be alled the phase lift of h.
It ommutes with the standard homogeneous struture hT
∗E
on T
∗E. Thus the otangent bundle
T
∗E is anonially a double vetor bundle with respet to the pair of ommuting Euler vetor elds
(T∗∆E ,∆T∗E). It is well known that there is a anonial isomorphism of double vetor bundles (f.
[7, 15, 14℄) being simultaneously a sympletomorphism of the anonial sympleti strutures:
T
∗E
TE //
hT
∗E
0
!!D
DD
DD
DD
D
(T∗h)0















T
∗E∗
(T∗hE
∗
)0
""E
EE
EE
EE
E
hE
∗
0






























E
−id
//
h0















E
h0















E∗
id //
hE
∗
0
""E
EE
EE
EE
E E
∗
hE
∗
0
##G
GG
GG
GG
G
M
id // M
(29)
whih in loal oordinates reads
TE(x, y, p, pi) = (x, pi, p,−y) (30)
and identies (∆T∗E ,T
∗∆E) with (T
∗∆E∗ ,∆T∗E∗). This isomorphism, alled sometimes a Legendre
transform, has been rst disovered by W. M. Tulzyjew [37℄ for E = TM in the ontext of Legendre
transformation in analytial mehanis. Sine TE is a sympletomorphism, we get additionally that
the anonial sympleti form ωE on T
∗E is 1-homogeneous not only with respet to ∆T∗E but also
with respet to the phase lift T
∗∆E . These properties ompletely determine the vetor eld T
∗∆E if
its restrition to E is given. Namely, we have the following.
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Proposition 5.1. Any vetor eld X on T∗M whih ommutes with the Euler vetor eld ∆T∗M and
satises LXωM = a · ωM , where a ∈ R and ωM is the anonial sympleti form on T∗M , is tangent
to M and ompletely determined by a and its restrition to M . In partiular, the otangent lift d∗
T
Y
is the unique linear and hamiltonian extension to T
∗M of a vetor eld Y on M .
Proof.- Write X =
∑
j
(
fj(x, p)∂xj + gj(x, p)∂pj
)
in loal Darboux oordinates (xj , pk). The property
[X,∆T∗M ] = 0 implies easily that fj are of 0-homogeneous and gj are 1-homogeneous with respet to
∆T∗M , i.e. fj(x, p) = fj(x) and gj(x, p) =
∑
k g
k
j (x)pk. Now,
a ·
∑
j
dpj ∧ dx
j = LXωM =
∑
j,k
(
gkj (x) +
∂fk
∂xj
(x)
)
dpk ∧ dx
j ,
i.e.
gkj (x) = a · δ
k
j −
∂fk
∂xj
(x).
Thus, for a given a, the vetor eld X is ompletely determined by its restrition
∑
j fj(x)∂xj to M .

Sine the phase lift of an Euler vetor eld is Euler, the otangent bundle of an n-vetor bun-
dle (F,∆1, . . . ,∆n) is anonially an (n + 1)-vetor bundle with respet to the Euler vetor elds
T
∗∆1, · · · ,T∗∆n,∆T∗F due to the following proposition.
Proposition 5.2. The phase lifts T
∗X and T∗Y of vetor elds X,Y on M ommute if and only if
X and Y ommute.
Proof.- The linear funtions ιX , ιY on T
∗M , orresponding to ommuting vetor elds X and Y ,
ommute with respet to the sympleti Poisson braket, so that they hamiltonian vetor elds d∗
T
X
and d∗
T
Y ommute. The otangent lifts d∗
T
X and d∗
T
Y are linear vetor elds on T∗M , so they ommute
with the Euler vetor eld ∆T∗M . Hene
[T∗X,T∗Y ] = [d∗
T
X +∆T∗M ,T
∗Y +∆T∗M ] = 0.
Conversely, if T
∗X and T∗Y ommute, then [X,Y ] = [T∗X,T∗Y ]|M = 0. 
In homogeneous loal oordinates (xj) on F , put gk(x
j) to be the degree of xj with respet to ∆k,
∆k(xj) = gk(x
j)xj . Then, in the adapted loal oordinates (xj , ps) in T
∗F ,
T
∗∆k =
∑
k
gk(x
j)xj∂xj +
∑
k
(1− gk(x
j))pj∂pj . (31)
If
∏
i∈{0,1}n V (i) are loal harts in F as in Theorem 4.1, then we have VT∗F (1
n, 1) = T∗V (0) and
VT∗F ((i, 0)) = V (i), VT∗F ((i, 1)) = V (1
n − i)∗, i > 0,
for fators of loal harts in T
∗F . In partiular, (T∗F )(i,0) = Fi. The side bundles of the (n+1)-vetor
bundle T
∗F are F and F ∗(k), k = 1, . . . , n, where F
∗
(k) = (F,∆
1, . . . ,∆n)∗∆k is the vetor bundle dual to
the vetor bundle struture hk0 : F → F[k] determined by the Euler vetor eld ∆
k
, respetively. But,
aording to (29), T
∗F ≃ T∗F ∗(k), T
∗∆k ≃ ∆T∗F∗
(k)
, so up to all these identiations we an write
(T∗F,T∗∆1, . . . ,T∗∆n,∆T∗F , ) ≃ (T
∗F ∗(k),∆T∗F∗(1) , . . . ,∆T∗F
∗
(n+1)
), (32)
where we use the onvention F = F ∗(n+1) and ∆T∗F∗(n+1) = ∆T∗F . The dual bundle F
∗
(k) is anonially
an n-vetor bundle (with respet to the restritions of the orresponding Euler vetor elds):
(F ∗(k),∆T∗F∗(1) , . . . ,∆T∗F
∗
(k−1)
,∆T∗F∗
(k+1)
, . . . ,∆T∗F∗
(n+1)
).
One an also easily derive the fat that the set of n-vetor bundles
(F,∆1, . . . ,∆n)∗ = {F, F ∗(1), . . . , F
∗
(n)},
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the set of duals of the n-vetor bundle (F,∆1, . . . ,∆n), is losed with respet to passing to the dual
bundle with respet to any of the vetor bundle struture on them (f. [15, 26℄). The orresponding
isomorphisms respet the n-bundle strutures, if we aept the weak isomorphisms related to reordering
of the Euler vetor elds (or, better to say, by xing the original order ∆T∗F∗
(1)
, . . . ,∆T∗F∗
(n+1)
). In fat,
for k, l = 1, . . . , n, l 6= k,
(F ∗(k),∆T∗F∗(1) , . . . ,∆T∗F
∗
(k−1)
,∆T∗F∗
(k+1)
, . . . ,∆T∗F∗
(n+1)
)∗∆
T∗F∗
(l)
=
(∏
ik=0
V (i)×
∏
ik=1
V (i)∗
)∗
∆
T∗F∗
(l)
=(∏
ik,il=0
V (i)×
∏
ik=1,(1n−i)l=0
V (i)∗
)
×
(∏
ik=0,il=1
V (i)∗ ×
∏
ik=1,(1n−i)l=1
V (i)
)
=∏
il=0
V (i)×
∏
il=1
V (i)∗ = (F ∗(l),∆T∗F∗(1) , . . . ,∆T∗F
∗
(l−1)
,∆T∗F∗
(l+1)
, . . . ,∆T∗F∗
(n+1)
) . (33)
This implies that the set of duals of an n-vetor bundle ontains, in general, (n + 1)-elements up to
isomorphisms, if we aept weak isomorphisms, or (n + 1)! elements, if we ount permutations of the
n-vetor bundle strutures. For example, if we start with a double vetor bundle (13) with the ore
C, then we get the following triple vetor bundle:
F ∗(2)

~~}}
}}
}}
}}
T ∗Foo

}}{{
{{
{{
{{
{
C∗

F ∗(1)oo

E2
}}zz
zz
zz
zz
Foo
||xx
xx
xx
xx
x
M E1oo
Our observation an be summarized as follows.
Theorem 5.2. The otangent bundle T
∗F of an n-vetor bundle (F,∆1, . . . ,∆n) is anonially an
(n+1)-vetor bundle with respet to the Euler vetor elds T∗∆1, · · · ,T∗∆n,∆T∗F and the side bundles
F and F ∗(1), . . . , F
∗
(n)-the dual bundles of F with respet to all the vetor bundle strutures on F . There
are anonial isomorphisms of the (n + 1)-vetor bundles T∗F ≃ T∗F ∗(k). Moreover, the duals of the
n-vetor bundle F ∗(k) are anonially isomorphi to F, F
∗
(1), . . . , F
∗
(k−1), F
∗
(k+1), . . . , F
∗
(n). In partiular,
the iterated otangent bundles (T∗)(n)M = T∗T∗ · · ·T∗M are anonially n-vetor bundles.
6 Sympleti and Poisson n-vetor bundles
Denition 6.1. A sympleti n-vetor bundle is an n-vetor bundle (F,∆1, . . . ,∆n) equipped with a
sympleti form Ω whih is 1-homogeneous with respet to all vetor bundle strutures:
L∆kΩ = Ω, k = 1, . . . , n , (34)
where L denotes the Lie derivative.
An example of a sympleti vetor bundle is the otangent bundle T
∗M with the anonial sym-
pleti form ωM . Consequently, the otangent bundle of any (n− 1)-vetor bundle (E,∆1, . . . ,∆n−1)
is a anonial example of a sympleti n-vetor bundle. Indeed, we know already that the anonial
sympleti struture ωM is 1-homogeneous with respet to ∆T∗F and with respet to any phase lift.
Theorem 6.1. Any sympleti n-vetor bundle (F,∆1, . . . ,∆n,Ω), n ≥ 1, is anonially isomorphi
to the otangent bundle over eah of its side bundles F[k], equipped with the anonial sympleti form:
(F,∆1, . . . ,∆n,Ω) ≃ (T∗F[k],T
∗(∆1|F[k]), . . . ,T
∗(∆k−1|F[k]),∆T
∗F[k] ,T
∗(∆k+1|F[k]), . . . ,T
∗(∆n|F[k]), ωF[k]),
14
k = 1, . . . , n. In partiular, all sympleti n-vetor bundles
(T∗F[k],T
∗(∆1|F[k]), . . . ,T
∗(∆k−1|F[k]),∆T
∗F[k] ,T
∗(∆k+1|F[k]), . . . ,T
∗(∆n|F[k]), ωF[k])
k = 1, . . . , n, are anonially isomorphi.
Proof.- Sine Ω is a 1-homogeneous sympleti form on the vetor bundle hk0 : F → F[k], we have
a anonial isomorphism ϕk : (F,Ω) → (T
∗F[k], ωF[k]) of sympleti vetor bundles whih iden-
ties ∆k with ∆T∗F[k] . But F[k] is an (n − 1)-vetor bundle with respet to the restritions of
∆1, . . . ,∆k−1,∆k+1, . . . ,∆n, so T∗F[k], thus F , is a sympleti n-vetor bundle with respet to the
Euler vetor elds
T
∗(∆1|F[k]), . . . ,T
∗(∆k−1|F[k]),∆T
∗F[k] ,T
∗(∆k+1|F[k]), . . . ,T
∗(∆n|F[k]).
Sine ϕk is identity on F[k], the vetor eld T
∗(∆j|F[k]) oinides with (ϕk)∗(∆
j) on F[k]. But the linear
vetor eldX = (ϕk)∗(∆
j) on the otangent bundle T∗F[k], whih additionally satises LXωF[k] = ωF[k]
is ompletely determined by its values on F[k], so
T
∗(∆j|F[k]) = (ϕk)∗(∆
j).

Denition 6.2. A Poisson n-vetor bundle is an n-vetor bundle (F,∆1, . . . ,∆n) equipped with a
Poisson tensor Λ whih is linear, i.e. homogeneous of degree -1, with respet to all vetor bundle
strutures:
L∆kΛ = −Λ, k = 1, . . . , n . (35)
Of ourse, any sympleti n-vetor bundle is automatially a Poisson n-vetor bundle. Sine any linear
Poisson struture on a vetor bundle E orresponds to ertain de Rham derivative in the Grassmann
algebra A(E∗) assoiated with the dual bundle, we an assoiate with any Poisson n-vetor bundle
F the de Rham derivatives dk in A(F
∗
(k)). For Poisson strutures, homogeneity of degree -1 we all
linearity, sine the orresponding Poisson braket is losed on linear (1-homogeneous) funtions. This
is exatly the Lie algebroid braket on setion of the dual bundle. Thus we an state the following.
Proposition 6.1. Any Poisson n-vetor bundle F indues Lie algebroid strutures on all dual vetor
bundles F ∗(k) → F[k].
The Lie algebroid strutures on all duals of an n-vetor bundle F we will all onordant, if they are
obtained in the above way  from a Poisson n-vetor bundle struture on F .
7 Multi-graded manifolds
A graded manifold is a super-manifold equipped with an additional grading in the struture sheaf. The
oordinate transformations are required to preserve this grading. The alulus on graded manifolds
has been developed e.g. in [40, 34, 29℄. Our aim is to desribe super-manifolds graded by n-tuples of
non-negative integers (i.e. by N
n
).
Denition 7.1. Let G be an abelian semigroup, G ∋ g 7→ pg ∈ N, g ∈ G, be any funtion suh that
pg 6= 0 only for nitely many g ∈ G, and let g 7→ g˜ be a semigroup homomorphism G → Z2. A
G-graded manifold M of dimension (p) is a super-manifold whose loal oordinates (xi) an be hosen
homogeneous with respet to a G-gradation in the struture sheaf whih agrees with the Z2-gradation,
i.e. suh that the G-degrees oinide with the parity:
xixj = (−1)
eg(xi)eg(xj)xjxi,
and the hanges of oordinates respet the gradation.
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Note also that, if G is an abelian monoid (with additive notation) then the loal oordinates of
degree 0 ∈ G give rise naturally to a graded submanifold M of M whih is a standard (non-graded)
smooth manifold together with a projetion M → M . For other onepts of graded dierential
geometry we refer to [34, 40℄ or to [29℄. Espeially, the onept of degree-shifting funtor [h] we borrow
from the latter. Let h ∈ G. The degree-shifting funtor [h] ats on the ategory of G-graded vetor
spaes and assigns to a G-graded spae V = ⊕g∈GVg the spae W = ⊕g∈GWg+h, where Wg+h onsists
of the same elements as Vg but has degree g + h. Any funtor on G-graded vetor spaes gives rise to
an operation on G-graded vetor bundles. Note that the shift operator [h] has the eet of dereasing
the degree of ber oordinates of a G-graded vetor bundle E →M by h ∈ G. In all our ases G will
be the group Z
n
(or its sub-semigroup) and g = (g1, . . . , gk) 7→ g˜ = (g1 + . . .+ gk)mod 2.
For a G-graded manifold M we denote by A(M) =
⊕
g∈GA
g(M) the G-graded algebra of poly-
nomial funtions on M.
Denition 7.2. An n-graded manifold is an Nn-graded manifold M whih admits an atlas with loal
oordinates of degrees ≤ 1n = (1, . . . , 1) ∈ Nn.
Similarly as in the ase of n-vetor bundles, we have the algebra A(M) =
⊕
i∈Nn A
i(M) of polynomial
funtions. The dierene is that this graded assoiative algebra is graded ommutative instead of being
just ommutative. The A0(M) = C∞(M)-modules Ai(M) and the higher modules A(i)(M), as well
as the orresponding vetor bundles V i(M) and V (i)(M) are dened ompletely analogously. We an
also pass to to the orresponding objets with respet to the total degree.
Remark 7.1. Passing from N
n
- or Z
n
-degree i to the total degree |i| =
∑
k ik allows us to assoiate
with every n-graded manifold an N -manifold of degree n, in the terminology introdued by P. evera
[36℄ and exploited by D. Roytenberg [33, 34℄.
A onvenient way to desribe the N
n
-gradation in an n-graded manifoldM is to onsider the Euler
vetor elds ∆kM, k = 1, . . . , n, whose eigenvalues represent the degrees of homogeneous funtions
g(f) = (g1(f), . . . , gn(f)). In loal oordinates (x
j),
∆kM =
∑
j
gk(x
j)xj∂xj , (36)
so f is of degree i ∈ Nn if ∆kM(f) = ikf , k = 1, . . . , n. We have a fundamental orrespondene between
n-vetor bundles and n-graded manifolds.
Theorem 7.1. With every n-vetor bundle F = (F,∆1, . . . ,∆n) one an anonially assoiate an
n-graded manifold MF = gr(F,∆1, . . . ,∆n) suh that loal oordinates in F of n-degree i ≤ 1n orre-
spond to graded loal oordinates in MF of degree i. This orrespondene gives an equivalene of the
orresponding ategories.
Proof.- Assume that an n-vetor bundle F is given by an atlas in whih loal oordinates vji 's transform
as in (22). Passing from F to a super-manifold struture requires a slight aution beause in general
the transformation formula (22) does not work in a super-manifold ontext.
Let us introdue oordinates θji , of degree i ∈ {0, 1}
n
on a domain V(0) ⊂ R
m
, orresponding to the
oordinates vji . Let us x an order ≺ on the set {0, 1}
n
suh that δ1 ≺ . . . ≺ δn. Let J(i) = (j1, . . . , j|i|)
be the growing sequene of those k = 1, . . . , n, for whih ik = 1. Let [i
1, . . . , ir] ∈ {±1} be the sign of
the permutation (J1, . . . , Jr) of the set J(i) = J1 ∪ . . . ∪ Jr, where Ja = J(ia) and i = i1 + . . . + ir.
We laim that the following hange of oordinates
(θ′)ji =
∑
P
a i
a=i
∑
(j1,...,jr)
[i1, . . . , ir]T j(i1,...,ir ;j1,...,jr) θ
j1
i1 . . . θ
jr
ir , (37)
where 0<i1≺...≺ir, satises the oyle ondition. This is so beause of the following easy properties of
the introdued sign
[iσ1 , . . . , iσr ]θ
jσ1
iσ1 . . . θ
jσr
iσr = [i
1, . . . , ir]θj1i1 . . . θ
jr
ir (38)
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for any permutation σ and
[i1,1 + . . .+ i1,s, i2, . . . , ir][i1,1, . . . , i1,s] = [i1,1, . . . , i1,s, i2, . . . , ir]. (39)
One an obtain the orresponding n-graded manifoldMF also by means of applying the degree-shifting
funtors ([29℄, Proposition 2.2.27).
Conversely, given a n-graded manifold one easily reovers the non-graded transformation funtions
T ∗∗ , whih produe the n-vetor bundle F . Also the morphisms in the onsidered ategories are in one-
to-one orrespondene if we apply the rules analogous to the rules just desribed for the oordinate
hanges. In partiular, the rule (37) desribes graded dieomorphisms. 
Similarly like in the n-vetor bundle ase, any n-graded manifold gives rise to a ommutative diagram
of graded vetor bundle projetions τ(i,i′) :Mi →Mi′ , where i ∈ N
n
, i′ ∈ p(i), and Mi is the graded
submanifold of M with loal oordinates redued to those whose degrees are ≤ i. Of ourse, Mi is
anonially an |i|-graded manifold. In this way we get graded vetor bundles τk :M→M[k] and the
dual bundles σk :M∗(k) →M[k].
Given an n-graded manifold M let us denote by dgr(M) the degradation of M, i.e. an n-vetor
bundle F suh that gr(F ) = MF . If A is a subset of {1, . . . , n}, #A = k, we an onsider F as
(n− k)-vetor bundle with respet to the Euler vetor elds ∆s with s 6∈ A. We denote it by AF and
dene AM := dgr(M,∆A) as (n − k)-graded manifold assoiated with AF , i.e. gr(AF,∆A) = AM.
Note that the nal base of AF (and so the support of AM) has #A-vetor bundle strutures. If A, B
are disjoint subsets of {1, . . . , n} then A∪BM = A(BM), sine both sides are (n−#A−#B)-graded
manifolds assoiated with the (n−#A−#B)-vetor bundle A∪BF .
Example 7.1. With a vetor bundle E over M we assoiate the N-graded manifold ME . Loal
oordinates (xa) onM and a basis of loal setions of the dual bundle E∗ give rise to loal homogeneous
oordinates (xa, yi) on E. The loal oordinates on ME are (xa, ξi) of degrees, respetively, 0 and 1,
and the same hange of oordinates as desribed by the denition of the vetor bundle E∗. Thus, with
every i-setion ν from the Grassmann algebra A(E∗) we assoiate a funtion ιν of degree i on ME
in an obvious way, so that A(ME) ≃ A(E∗). A Lie algebroid struture on E is the same as a linear
Poisson struture on E∗, or the same as a homologial vetor eld Q, [Q,Q] = 0 and Q of weight 1,
on ME .
The graded tangent bundle TM of an n-graded manifold M is by denition the (n + 1)-graded
manifold assoiated with the tangent bundle T(dgr(M)) of the n-vetor bundle dgr(M) being the
degradation of M, i.e. M = M
dgr(M). The degree of ∂xj as a funtion on T
∗M is −g(xj) ∈ −Nn.
Similarly, to obtain an (n+1)-vetor bundle assoiated with T∗dgr(M)  the graded otangent bundle
T
∗M  we have to dene the degree of ∂xj as (1
n − g(xj), 1) ∈ Nn+1. One an also say that the
grading in T
∗M is indued by the Euler vetor elds ∆T∗M and the phase lifts T∗(∆kM) whih, in the
standard adapted loal oordinates (xj , pj) have the form ∆T∗M =
∑
j pj∂pj and
T
∗(∆kM) =
∑
j
(
gk(x
j)xj∂xj + (1 − gk(x
j)pj∂pj
)
.
The bases of the orresponding projetions are M and M∗(k), k = 1, . . . , n, and this set of n-graded
manifolds is losed with respet to the orresponding dualities.
We say that an r-form (resp., an r-vetor eld) α is of weight i ∈ Zn, w(α) = i, if L∆kM(α) = ikα,
k = 1, . . . , n. Note that with this onvention the weight of dxj is w(xj) = g(xj) ∈ Nn, but the degree
of dxj as a funtion in TM is (g(xj), 1) ∈ Nn+1. Similarly, the weight of ∂xj is −w(x
j) = −g(xj) ∈ Zn,
but the degree of ∂xj as a funtion in T
∗M is (1n − g(xj), 1) ∈ Nn+1.
8 Multi-graded sympleti and Poisson manifolds
Denition 8.1. A n-graded sympleti (resp. Poisson) manifold is an n-graded manifold equipped
with a sympleti form of weight 1
n
(resp., a Poisson tensor of weight −1n).
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Reall that a dierential 2-form ω an be loally written in loal oordinates (xi) as
ω =
1
2
∑
i,j
dxi ωi,j dx
j . (40)
A 2-from ω on M is alled sympleti, if dω = 0 and ω is non-degenerate. The latter means that the
indued homomorphism of A(M)-modules
ω˜ : Γ(TM)→ Γ(T∗M), X 7→ iXω,
is invertible. For any (n − 1)-graded manifold M, the n-graded manifold T∗M posses a anonial
sympleti form ωM of weight 1
n
. Indeed, xing loal oordinates (xj) in M, one an easily see that
the 2-form ωM whih in the adapted oordinates (x
j , ps) in T
∗M reads
ωM =
∑
j
dpjdx
j
is well dened, sympleti and, sine w(dpj) = 1
n − w(dxj), of weight 1n. Note that for any vetor
eld X onM we an dene its phase lift T∗X = d∗
T
X+∆T∗M exatly like in the standard ase. Here,
d∗
T
X is the otangent lift of X  the hamiltonian vetor eld of the linear funtion on T∗M assoiated
with X . The phase lifts are linear, i.e. ommute with ∆T∗M and satisfy LT∗XωM = ωM. We have
also full analogs of Propositions 5.1 and 5.2.
It is well known that any sympleti vetor bundle (E,∆E ,Ω), i.e. a vetor bundle (E,∆E)
equipped with a sympleti form whih is 1-homogeneous with respet to the Euler vetor eld, L∆EΩ =
Ω, is anonially isomorphi to the otangent bundle over the base of E with the anonial sympleti
form: (E,∆E ,Ω) ≃ (T∗M,∆T∗M , ωM ). A similar fat holds for sympleti N-manifolds of degree 1 in
the terminology of D. Roytenberg or 1-graded sympleti manifolds in our terminology: every 1-graded
manifold M equipped with a sympleti form Ω of weight 1 (L∆MΩ = Ω) is dieomorphi to T
∗M
equipped with the anonial sympleti form (f. [34, Proposition 3.1℄). We an generalize this fat,
i.e. we have the following graded version of Theorem 6.1.
Theorem 8.1. Any n-graded sympleti manifold is anonially isomorphi to the graded otangent
bundle T
∗M of an (n − 1)-graded manifold M, equipped with the anonial sympleti form ωM.
Moreover, we have anonial sympletomorphisms
(T∗M, ωM) ≃ (T
∗M∗(k), ωM∗(k)). (41)
Proof.- The proof is ompletely parallel to that of Theorem 6.1 and we omit it. 
Reall (f. [10, 11℄) that a graded Poisson braket of degree i on a Zn-graded assoiative om-
mutative algebra A = ⊕k∈ZnAk is a graded bilinear map {·, ·} : A × A → A of degree i ∈ Zn suh
that
1. {a, b} = −(−1)(|a|+|i|)(|b|+|i|){b, a} (graded antiommutativity),
2. {a, bc} = {a, b}c+ (−1)(|a|+|i|)|b|b{a, c} (graded Leibniz rule),
3. {{a, b}, c} = {a, {b, c}}− (−1)(|a|+|i|)(|b|+|i|){b, {a, c}} (graded Jaobi identity), where |a| denotes
the total degree of a, et.
A homogeneous element q of degree k with the parity opposite to the parity of i we all homologial if
{q, q} = 0. It indues a ohomology operator dq = {q, ·} of odd total degree |k + i| on A.
The braket {·, ·} = {·, ·}M on A(T∗M) assoiated with the anonial sympleti form ωM and
represented loally by the Poisson tensor ΛM =
∑
j ∂pj∂xj is a graded Poisson braket of degree −1
n
.
Sine the algebra A(T∗M) is non-negatively graded, negative degrees mean simply 0. Reall also
(f. [33, 34℄)that with any linear Poisson struture Λ on a vetor bundle E, thus with any de Rham
dierential DΛ on the Grassmann algebra A(E
∗) of multi-setions of the dual bundle, one an assoiate
a funtion HΛ = ιDΛ on T
∗ME , so that {HΛ, ·} is the otangent lift d∗TDΛ. Here, we learly identify
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A(ME) = A(E∗) with basi funtions on T∗ME . In loal homogeneous oordinates (x, y) on E and
(x, θ, p, ξ) on T∗ME , every Λ of weight -1 is of the form
Λ =
∑
a,r
ρra(x)∂yr ∧ ∂xa +
1
2
∑
r,s
Cur,s(x)y
u∂yr ∧ ∂ys ,
so
HΛ =
∑
a,r
ρra(x)ξ
rpa −
1
2
∑
r,s
Cur,s(x)θuξ
rξs .
In other words the funtion HΛ is a homologial Hamiltonian whose hamiltonian vetor eld QΛ =
{HΛ, ·} is the otangent lift of the de Rham derivative DΛ. As T∗ME ≃ T∗ME∗ , this Hamiltonian an
be also viewed as the funtion ιΛ on T
∗ME assoiated with the Poisson tensor Λ ∈ A(E). The Hamil-
tonian HΛ has not only total degree 3 but it is homogenous of bi-degree (1, 2). In some terminology
one says also that Λ determines a Lie algebroid struture on E and that (M, QΛ) is a Q-manifold or
Lie antialgebroid in the language of [1, 39, 40, 41℄. To nd a generalization for Poisson n-bundles (F,Λ)
let us reall that in this ase the Poisson tensor Λ determines (onordant) Lie algebroid strutures on
all vetor bundles F ∗(k) → F[k], i.e. (by denition onordant) homologial vetor elds q[k] of degree
δn on MF∗
(k)
. We will say that a vetor eld on an n-graded manifold is unital if its homogeneous
parts have weights δ1 = (1, 0, . . . , 0), δ2 = (0, 1, 0, . . . , 0), et. Observe that any unital vetor elds q[k]
on the side bundle N[k] of an (n + 1)-graded sympleti manifold N denes the indued vetor eld
(q[k])[s] on N[s], s = 1, . . . , n+ 1, dened as the restrition of the otangent lift d
∗
T
q[k] to T
∗N[k] ≃ N .
If we onsider the (n+ 1)-graded sympleti manifold N = T∗MF , then MF∗
(k)
= N[k]. We have the
following.
Proposition 8.1. Homologial vetor elds q[k] of degree δ
n
on MF∗
(k)
= N[k], k = 1, . . . , n, are
onordant if and only if their otangent lifts oinide (up to the identiation T
∗MF∗
(k)
≃ T∗MF∗
(s)
),
i.e., if and only if (q[k])[s] = q[s] for all k, s = 1, . . . , n.
Proof.- The otangent lifts, uniquely determined by their restritions to MF∗
(k)
= N[k], an be easily
seen as represented by the Hamiltonian vetor eld with the Hamiltonian HΛ assoiated with Λ. 
9 Higher Courant strutures, higher Lie algebroids, and Drin-
feld n-tuples
A Lie bialgebroid, as introdued in [28℄, is a pair of Lie algebroid strutures Λ,Λ∗ on a vetor bundle
E and its dual E∗ that satises ertain ompatibility ondition. This ompatibility ondition has been
reognized in [33℄ as the ommutation of the orresponding homologial Hamiltonians {HΛ, HΛ′} = 0
on T
∗ME ≃ T
∗ME∗ . This means exatly that the Hamiltonian H = HΛ +HΛ′ of total degree 3 is
homologial and onentrated in bi-degrees (1, 2) + (2, 1), i.e. the orresponding hamiltonian vetor
eld Q is onentrated in weights (1, 0) + (0, 1). The total weight of Q is 1. Note that there are
homologial vetor elds of total weight 1 and bi-degrees (−1, 2) or (2,−1). They lead to the onept
of quasi Lie bialgebroids. The derived braket (in the terminology of Y. Kosmann-Shwarzbah)
{X,Y }Q = {{X,H}, Y } = −(−1)
|x|+n{Q(X), Y },
is losed on funtions representing setions of E ×M E∗ and gives a standard model of a Courant
braket [4, 5℄ in its non-symmetri version, or a Courant algebroid [4, 18, 33℄. Note however that the
onept of Courant algebroid is more general and based on graded sympleti manifolds of degree 2
whih are not bi-graded in general. The whole struture, i.e. T
∗ME with the anonial sympleti
Poisson braket and the homologial hamiltonian and unital vetor eld Q  the Drinfeld double of the
original Lie bialgebroid  is a natural generalization of the Drinfeld double Lie algebra [6℄.
A natural generalization of the above onepts is as follows.
Denition 9.1. An n-Courant struture is an n-graded sympleti manifold (N ,Ω) equipped with a
homologial Hamiltonian of total degree (n+ 1). A Drinfeld n-tuple is an n-Courant struture whose
homologial hamiltonian vetor eld is unital.
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We know already that (N ,Ω) = (T∗M, ωM) for an (n − 1)-graded manifold M. Let {·, ·} be the
sympleti Poisson braket on (N ,Ω) = (T∗M, ωM). This Poisson braket is a graded Poisson braket
on A(N ) of degree −1n, i.e. of total degree −n. It is a general algebrai fat that the derived braket
{X,Y }H = {{X,H}, Y } of any homologial Hamiltonian H ∈ An+1(N ) of the total degree (n+1) (or
of any homologial hamiltonian and vetor eld Q of total weight 1) is then a Leibniz braket of total
degree (1 − n). In lassial terms, this braket an be interpreted as a n-Courant algebroid, i.e. as a
braket on A(n−1)(N )  the module of setions of the vetor bundle C = V (n−1)(N ) overM . Note that
the sympleti Poisson braket also gives rise to ertain operations on subbundles of C = V (n−1)(N ),
namely 〈·, ·〉j,k : V j(N ) ⊗M V k(N )→ V j+k−n(N ), or, globally, to a graded operation
〈·, ·〉 : C(N )⊗M C(N )→ C(N )
of degree −1n on the graded vetor bundle
C(N ) =
⊕
|i|<n
MV
i(N ).
If we do not insist on working with multi-graded sympleti manifolds, whih means  otangent bundles
 and we admit sympleti graded N-manifolds of degree n in the terminology of D. Roytenberg [34℄,
then, analogously, we get a notion of a Courant algebroid of degree n. In this ontext, however, the
onept of Drinfeld n-tuple makes no sense.
Reently, the double Lie algebroids, as introdued by K. C. Makenzie [19℄  [23℄, have been
reognized by T. Voronov [41℄ as double Q-manifolds and generalized to n-fold Q-manifolds, i.e. n-
graded manifolds MF (assoiated with an n-vetor bundle F ) and endowed with a homologial unital
vetor eld Q. This means that Q = Q1 + · · · + Qn, where Q1, . . . , Qn are ommuting homologial
vetor elds of n-degrees, respetively, δ1, . . . , δn.
More preisely, an n-fold Lie algebroid is an n-vetor bundle F equipped with Lie algebroids stru-
tures on the vetor bundles hk0 : F → F[k], k = 1, . . . , n, and satisfying ertain ompatibility onditions.
In partiular, all morphism in the harateristi diagram should be Lie algebroid morphisms. An el-
egant way to desribe these onditions is to pass to the orresponding n-graded manifold M = MF .
Then, we an interpret these Lie algebroid strutures as homologial vetor elds Qk of weight 1 on the
orresponding 1-graded manifolds and nally, due to the ommutativity of Lie algebroid morphisms,
as a homologial and unital vetor eld on the n-graded total spae M. The ompatibility ondi-
tions redue now to the fat that the vetor elds Qk ommute. Equivalently, the total vetor eld
Q = Q1 + · · ·+Qn is unital and homologial, so we end up with the following (see [41℄).
Denition 9.2. An n-fold Lie algebroid is an n-graded manifold with a homologial and unital vetor
eld.
Observe that n-fold Lie algebroid is a partiular ase of a Drinfeld (n+ 1)-tuple.
Proposition 9.1. There is a one-to-one orrespondene between n-fold Lie algebroids (M, Q) and
(n+ 1)-Drinfeld tuples (T∗M, Q˜) suh that Q˜ has trivial summand of weight δn+1.
Proof.- Let us put Q˜ = d∗
T
Q. Then, as easily seen, Q˜ is a Hamiltonian and homologial vetor eld on
T
∗M of weight (0, w(Q)). Conversely, if Q˜ is a Hamiltonian and unital vetor eld on T∗M with the
trivial summand of weight δn+1, then Q˜ = d∗
T
Q for some unital vetor eld Q on M. Moreover, sine
d∗
T
[Q,Q] = [Q˜, Q˜] = 0, then Q is homologial. 
Let F , MF , Q be as above and let i, j ∈ {0, 1}n, i < j. We laim that the vetor eld Q indues
a (|j| − |i|)-fold Lie algebroid struture on the (|j| − |i|)-vetor bundle whose total spae is Fj and
the nal base is Fi. Beause Q is tangent to Mj it is enough to verify the laim for M = MF , i.e.
for j = 1n. Moreover, an indutive reasoning shows that we may also assume that |i| = 1, sine an
(n − |i|)-vetor bundle an be reahed in |i| steps in whih we simply forget about one Euler vetor
eld. Note that the (n − 1)-graded manifold {k}M assoiated with the (n − 1)-vetor bundle {k}F
dened by Euler vetor elds {∆s}, s 6= k, an be obtained fromMF by applying the parity hanging
funtor to the super vetor bundleM→M[k], i.e. {k}M = ΠM[k]M. The vetor eld Q˜ := Q−Qk is
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a linear vetor eld with respet to the vetor bundle M→M[k]. The following general fat implies
that we an pass from Q˜ to a vetor eld Q¯ on {k}M.
Lemma 9.1. Let E → M be a super vetor bundle and V ect0(E) denotes the Lie algebra of linear
vetor elds on E. There exist a anonial A(M)-linear isomorphism of Lie algebras
φ : V ect0(E)→ V ect0(ΠME). (42)
Proof.- Let {ηi} and {µi} be the orresponding loal linear oordinates on E and ΠME , respetively,
and let i˜ := η˜i, so µ˜i = i˜+ 1. The Lie algebra V ect0(E) is loally spanned by the vetor elds ηi∂ηj .
The following formula
φ(ηi∂ηj ) = (−1)
i˜+j˜µi∂µj
does not depend on the hoie of loal oordinates. In fat, if η′i =
∑
j ηjTji(x), Tji(x) ∈ A(M),
desribes transformations of ber oordinates of E , then also µ′i =
∑
j µjTji(x) and
η′i∂η′j =
∑
k
η′i
∂ηk
∂η′j
∂ηk =
∑
l,k
ηlTli(x)T
jk(x)∂ηk
=
∑
l,k
(−1)l˜(˜i+l˜+k˜+j˜)Til(x)T
jkηl∂ηk ,
beause the parity of Tij(x) is i˜+ j˜. Hene
φ(η′i∂η′j ) =
∑
l,k
(−1)i˜+j˜µlTil(x)T
jk(x)∂µk = (−1)
i˜+j˜µ′i∂µ′j .
It is also easy to alulate that φ preserves the Lie braket of vetor elds. 
It follows from above lemma that Q¯ is a homologial vetor eld on {k}M and so indues a (n−1)-fold
Lie algebroid struture on {k}F . Thus we get the following.
Proposition 9.2. An n-fold Lie algebroid struture on an n-vetor bundle F indues anonially, for
i, j ∈ {0, 1}n, i < j, an (|j|− |i|)-fold Lie algebroid struture on the (|j|− |i|)-vetor bundle whose total
spae is Fj and the nal base is Fi.
A natural way of onstruting n-fold Lie algebroids an be based on the following trivial observation.
Theorem 9.1. If (M, Q) is an n-fold Lie algebroid, then (TM, dTQ + d), where d is the de Rham
dierential on TM, is an (n+ 1)-fold Lie algebroid.
Proof.- Sine the tangent lift of vetor elds respets the Shouten brakets [12℄, dTQ is a homologial
vetor eld with omponents of weights δ1, . . . , δn. Moreover, any tangent lift, whih loally reads
∑
a
(
fa(x)∂xa +
∑
b
∂fa
∂xb
x˙b∂x˙a
)
,
ommutes with the de Rham vetor eld d =
∑
a x˙
a∂xa of weight δ
n+1
, so Q+ dT is homologial and
unital. 
The question now is: what is the higher analogue of a Lie bialgebroid? Our answer is obvious: it
orresponds to a Drinfeld n-tuple. Reall that a Drinfeld n-tuple is an n-graded sympleti manifold
with a homologial Hamiltonian and unital vetor eld. Let us take an n-graded sympleti manifold
(N ,Ω). We know already that (N ,Ω) = (T∗M, ωM) for an (n − 1)-graded manifold M. If Q =
Q1 + · · ·+Qn is the deomposition of the homologial vetor eld of a Drinfeld n-tuple on (N ,Ω) =
(T∗M, ωM) into homogeneous parts of weights δ1, . . . , δn. It is easy to see that [Q,Q] = 0 implies
[Qr, Qs] = 0 for all r, s = 1, . . . , n, i.e. all vetor elds Qk are homologial and pair-wise ommuting.
Moreover, for any s 6= r, the vetor eld Qr is tangent to N[s] and projetable to the vetor eld q
r
[s]
with respet to the anonial projetion N → N[s].
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Therefore, N[s] posses anonially n ommuting homologial vetor elds q
r
[s], r, k = 1, . . . , n  the
restritions of Q1, . . . , Qn. Here, for tehnial onveniene, we list n vetor elds for eah base, but
learly qr[r] = 0, i.e. N[s] is anonially an (n − 1)-fold Lie algebroid. But the olletion of all N[s]
is a olletion of (n − 1)-graded manifolds M,M∗(1), . . .M
∗
(n−1), losed with respet to duality. As a
matter of fat, aording to the graded analog of Proposition 5.1, the vetor eld Qr is the otangent
lift of qr[s] for s 6= r. The ompatibility ondition for all the (n − 1)-fold Lie algebroid strutures on
M,M∗(1), . . .M
∗
(n−1) is expressed by saying that they ome from projetions of ertain homologial
hamiltonian and unital vetor elds on T
∗M, i.e. from Drinfeld n-tuples. We an say that n-tuple
Lie algebroid orresponds to a Drinfeld n-tuple, exatly like a Lie bialgebra (or a Lie bialgebroid)
orresponds to a Drinfeld double Lie algebra (or Lie algebroid). In partiular, these strutures are
ompatible with the base struture BN , i.e. the projetions of qr[k] and q
r
[s] on N[k,s] oinide, where
[k, s] ∈ {0, 1}n has zeros exatly at positions k, s = 1, . . . , n. The pair of homologial vetor elds:
qk[s] on N[s], and q
s
[k] on N[k], where E = N[s] and E
∗ = N[k] are regarded as dual vetor bundles over
N[k,s]  the degraded manifold N[k,s], forms a Lie bialgebroid. Indeed, Qk and Qs are the otangent
lifts of qk[s] and q
s
[k] to N ≃ T
∗N[s] ≃ T
∗N[k], so in T
∗E ≃ T∗E∗ they are represented by ommuting
and homologial Hamiltonians Hk and Hs of degrees (2, 1) and (1, 2). Aording to the result of
D. Roytenberg [33℄, this means exatly that we deal with a Lie bialgebroid. It is not true, however,
that in general all these Lie bialgebroid strutures produe a Drinfeld n-tuple even under a natural
ondition saying that the vetor elds qr[k] and q
r
[l] indued from algebroid strutures on N[k] → N[r,k]
and N[l] → N[r,l] oinide on N[k,l], as shown in the following example.
Example 9.1. Consider a trivial double vetor bundle M = R× R2 × R× {∗} over a point {∗} with
1-dimensional ore and trivial side bundles of rank 1 and 2. Then N := T∗M arries a 3-vetor bundle
struture. Let us denote by v011, v101 and v
(1)
001, v
(2)
001 the ber oordinates on the ore and the side
vetor bundles N[1,3] and N[1,2], respetively. Let {e
(1)
001, e
(2)
001, e011} be the orresponding dual basis of
setions of the bundle N[1] → N[1,3]. We endow this bundle with a struture of Lie algebroid by setting
the anhor to zero and A(N[1,3])-linear Lie braket as follows:
[e
(1)
001, e
(2)
001] := v010 · e011,
[e
(k)
001, e011] := 0 for k = 1, 2. Obviously, this is a nilpotent Lie braket. The indued homologial vetor
eld q3[1] on N[1] in the orresponding graded loal oordinates {θ
a
i }, i ∈ {0, 1}
3
, has the form
q3[1] = θ010θ
(1)
001θ
(2)
001∂θ011 .
Let us assume that the other 5 vetor bundles N[k] → N[k,l] arries the zero Lie algebroid struture.
Then of ourse the 3 pairs of Lie algebroids (N[k], N[l]) over N[k,l] onstitute a Lie bialgebroid. Note
that the restrition of q3[1] to N[1,2] is zero, so the vetor elds q
r
[k] oinide on intersetions, i.e.
qr[k]|N[k,l] = q
r
[l]|N[k,l] = 0 for distint r, k, l. However they do not ome from Drinfeld 3-tuple on N ,
beause the otangent lifts d∗
T
q3[1] 6= 0 and d
∗
T
q3[2] = 0 (as q
3
[2] = 0) an not be equal to Q3 at the same
time.
The following theorem gives suient onditions.
Theorem 9.2. Let M be an (n− 1)-graded manifold. A Drinfeld n-tuple on N = T∗M is equivalent
to a olletion of Lie bialgebroid strutures on all the pairs of dual vetor bundles N[k] and N[s] over
the ommon base N[k,s], k 6= s, related to homologial unital vetor elds q
s
[k] and q
k
[s], respetively,
whih satisfy the ompatibility ondition
(qr[k])[s] = q
r
[s] for r 6= k (43)
with the onvention qs[s] = 0.
Proof.- The vetor eld qr[k] is of degree 1 with respet to the Euler vetor eld ∆
r
, so of degree 0
with respet to ∆s, s 6= r. A similar statement is true for the vetor eld Qr[k]  the (unique) linear
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Hamiltonian extension of qr[k] to N , i.e. Q
r
[k] = d
∗
T
(qr[k]). Aording to the graded version of Proposition
5.1, the vetor eld Qr[k] oinides with Q
r
[s] for k, s 6= r, so that Qr dened as Q
r
[s] for some (thus
all) s 6= r is of degree δr. Sine Qr[s] and Q
s
[r], r 6= s, ommute beause they orrespond to the given
bialgebroid struture on (N[s], N[r]), the vetor elds Qr pairwise ommute and Q = Q1 + · · · + Qn
gives rise to a Drinfeld n-tuple on N = T∗M whih indues presribed bialgebroid strutures. 
Sine, for a xed r, the vetor elds qr[k], k 6= r, are onordant, we an also haraterize a Drinfeld
n-tuple in terms of Poisson strutures.
Theorem 9.3. A Drinfeld n-tuple is a olletion of Poisson (n− 1)-vetor bundles in duality: (F,Λ)
and (F ∗(k),Λk), k = 1, . . . , n−1, whih are ompatible in the sense that the orresponding Hamiltonians
HΛ and HΛk , k = 1, . . . , n− 1, interpreted as funtions on T
∗MF ≃ T∗MF∗
(k)
, ommute with respet
to the sympleti Poisson braket.
Let us end up with some words about redution. Sine we deal, in fat, with a homologial Hamil-
tonian system (N ,Ω, H) on a sympleti super-manifold (N ,Ω), the redution should be understood
as the Hamiltonian redution with respet to a oisotropi and n-graded submanifold N0. If we assume
that the Hamiltonian H is onstant on leaves of the harateristi foliation F of N0 and the quotient
N ′ = N0/F is a well-dened multi-graded manifold, then the restrition of Ω to N0 projets to a
sympleti form Ω′ on N ′, the homologial Hamiltonian H projets to a homologial Hamiltonian H ′
on N ′ and we end up with a new homologial Hamiltonian system (N ′,Ω′, H ′)  new n-Courant or new
Drinfeld n-tuple struture. Of ourse, this piture overs the redution assoiated with the moment
map of a Hamiltonian group ation: this is only the hoie of the oisotropi submanifold whih is
determined by the moment map µ  the inverse-image µ−1({0}). Note only that this group ation
should respet the graded struture, i.e. it should ommute with the Euler vetor elds.
Example 9.2. Consider the anonial sympleti triple vetor bundle
T
∗
TTM ≃ T∗T∗TM ≃ T∗TT∗M ≃ T∗T∗T∗M
with the harateristi diagram
T
∗
TM

zztt
tt
tt
tt
t
T
∗
TTMoo

xxrr
rr
rr
rr
rr
T
∗M

TT
∗Moo

TM
zztt
tt
tt
tt
t
TTMoo
xxrr
rr
rr
rr
rr
M TMoo
The tangent bundle τM : TM → M is anonially a Lie algebroid. The orresponding homologial
vetor elds on TM is the de Rham vetor eld DM whih in loal oordinates (x, x˙) (we do not
distinguish oordinates in TM and TM , et., for simpliity) has the form DM =
∑
a x˙
a∂xa , so the
orresponding hamiltonian of degree (2, 1) on T∗TM is H(2,1) =
∑
a x˙
apa. It is well known that Lie
algebroid strutures on T
∗M suh that, together with DM , give a Lie bialgebroid ome from Poisson
strutures Λ = 12
∑
a Λab(x)∂xa ∧ ∂xb on M . The orresponding Hamiltonian on T
∗
T
∗M ≃ T∗TM of
degree (1, 2) is assoiated with the tangent lift dTΛ of Λ by H(1,2) = ιdTΛ, i.e.
H(1,2) =
∑
a,b
Λab(x)pap˙b +
1
2
∑
a,b,c
∂Λab
∂xc
(x)x˙cp˙bp˙a .
Take now a Lie group ation G×M → M whih is free and proper, so that the spae of orbits M/G
is a manifold, and whih preserves Λ, so that Λ projets onto a Poisson struture Λ′ on M/G. Let
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(ys) be a basis in the Lie algebra G of G and let Y s =
∑
a f
s
a(x)∂xa be the orresponding fundamental
vetor elds of this ation. Preserving Λ by the ation means that the Shouten brakets [Y s,Λ]
vanish. By means of the tangent funtor, the ation of G an be extended to an ation of the group
TG on TM . The Lie algebra of TG is TG and the fundamental vetor elds of this ation are the
tangent and vertial lifts, dTY
s
and vTY
s
, of the fundamental vetor elds of the ation of G (f.
[12℄). Sine dT respets the Shouten braket and [vTY, dTΛ] = vT[Y,Λ] (see [12℄), the extended ation
preserves dTΛ. Moreover, it is easy to see that TM/TG ≃ T(M/G) and that the anonial projetion
TM → TM/TG ≃ T(M/G) is a Poisson map of dTΛ onto dT(Λ
′).
Consider now the phase prolongation of the TG ation, TG×T∗TM → T∗TM . It is a Hamiltonian
ation with a anonial equivariant moment map µ : T∗TM → (TG)∗. The Hamiltonians assoiated
with dTY
s
and vTY
s
are, respetively, ιdTY s and ιvTY s so that the submanifoldN0 onsisting of ommon
zeros of all funtions ιdTY s and ιvTY s , is a oisotropi submanifold of T
∗
TM . Sine these funtions
are linear, it is a vetor subbundle of T
∗
TM → TM . But T∗TM is anonially a sympleti double
vetor bundle with the other projetion onto T
∗M and N0 is a vetor subbundle also with respet to
the other bundle struture. This is beause the tangent lifts of vetor elds are linear and the vertial
lifts are homogeneous of degree -1, so d∗
T
∆TM (ιdTY s) = 0 and d
∗
T
∆TM (ιvTY s) = −ιvTY s , thus the
orresponding homotheties do not leave N0. The manifold N0 has therefore its graded ounterpart N0
being a bigraded oisotropi submanifold of T
∗
TM . The harateristi distribution on N0 is spanned
by the (super) vetor elds d∗
T
dTY
s
and d∗
T
vTY
s
. They preserve the Hamiltonian H = H(2,1) +H(1,2)
assoiated with the Lie bialgebroid struture (DM , DΛ) and the Hamiltonian redution leads to the
bi-graded sympleti manifold T
∗
T(M/G) with the redued homologial hamiltonian H ′ assoiated
with the Lie bialgebroid struture (DM/G, DΛ′).
We an go further to the iterated tangent bundle TTM whih is a double vetor bundle with respet
to projetions τTM and TτM onto TM . It is also anonially a double Lie algebroid orresponding to
the homologial vetor eld q = DTM + dT(DM ) on TTM whih in loal oordinates (x, x˙, x¯, x¨) takes
the form
q =
∑
a
(x¯a∂xa + x¨
a∂x˙a) +
∑
a
(x˙a∂xa + x¨
a∂x¯a) .
It orresponds to the linear funtion ιq on T
∗
TTM whih in the adapted loal oordinates (x, x˙, x¯, x¨, p, p˙, p¯, p¨)
of degrees, respetively,
(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 0), (1, 1, 1), (0, 1, 1), (1, 0, 1), (0, 0, 1),
reads
ιq = H(1,2,1) +H(2,1,1) =
∑
a
(x¯apa + x¨
ap˙a) +
∑
a
(x˙apa + x¨
ap¯a) .
A homologial Hamiltonian H(1,1,2) of degree (1, 1, 2) an be obtained from the iterated tangent lift
dTdTΛ whih is linear with respet to both vetor bundle strutures:
H(2,1,1) =
∑
a,b
Λab(x) (p¨bpa + p˙bp¯a) +
∑
a,b,c
(
∂Λab
∂xc
(x)x˙cp˙ap¨b +
∂Λab
∂xc
(x)x¯c p¯ap¨b
)
+
∑
a,b,c
1
2
(
∂Λab
∂xc
(x)x¨c +
∑
d
∂2Λab
∂xc∂xd
(x)x¯dx˙c
)
p¨bp¨a .
It learly ommutes with ιq, so H = H(2,1,1) + H(1,2,1) + H(1,1,2) represents a Drinfeld triple.
The orresponding double Lie algebroid strutures on the side bundles are: (TTM,DTM + dTDM ),
(TT∗M, dTDΛ +DT∗M ), and (T
∗
TM, d∗
T
DM +DdTDΛ).
Extending the tangent lift ation G×TM → TM to the iterated tangent lift ation TTG×TTM →
TTM and taking its phase prolongation TTG×T∗TTM → T∗TTM (whih is anonially Hamiltonian),
we get a momentum map µ1 : T
∗
TTM → (TTG)∗ and the orresponding oisotropi submanifold
N1 = µ
−1
1 ({0}). This submanifold is 3-homogeneous with respet to the triple vetor bundle struture
on T
∗
TTM ≃ T∗T∗TM ≃ T∗TT∗M , so it has its graded ounterpart N1 in the 3-graded sympleti
manifold T
∗
TTM ≃ T∗T∗TM ≃ T∗TT∗M . Like above, the homologial Hamiltonian H is onstant on
the harateristi distribution of the oisotropi manifold N1 and we get a redution to the 3-graded
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sympleti manifold T
∗
TT(M/G) with the redued homologial hamiltonian H ′ assoiated with the
three homologial vetor elds dTdTDΛ′ , DT(M/G), and dTDM/G on TT(M/G).
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